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ON THE EXISTENCE THRESHOLD FOR POSITIVE SOLUTIONS OF
p-LAPLACIAN EQUATIONS WITH A CONCAVE-CONVEX NONLINEARITY
FERNANDO CHARRO, ENEA PARINI
ABSTRACT. We study the following boundary value problem with a concave-convex non-
linearity: {
−∆pu = Λuq−1 +ur−1 in Ω,
u = 0 on ∂Ω.
Here Ω ⊂ Rn is a bounded domain and 1 < q < p < r < p∗. It is well known that there
exists a number Λq,r > 0 such that the problem admits at least two positive solutions for
0 < Λ < Λq,r, at least one positive solution for Λ = Λq,r, and no positive solution for
Λ > Λq,r. We show that
lim
q→p
Λq,r = λ1(p),
where λ1(p) is the first eigenvalue of the p-laplacian. It is worth noticing that λ1(p) is the
threshold for existence/nonexistence of positive solutions to the above problem in the limit
case q = p.
1. INTRODUCTION
Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary, and let us consider the
boundary value problem{
−∆pu = Λuq−1 + ur−1 in Ω,
u = 0 on ∂Ω, (1)
where 1 < q < p < r < p∗ and Λ > 0. Due to the nature of the right-hand side, and in
analogy with the case p = 2, we will call Problem (1) concave-convex. It is well-known
that there exists Λq,r > 0 such that the problem admits at least two positive solutions for
every Λ ∈ (0,Λq,r), at least one positive solution for Λ = Λq,r, and no positive solution for
Λ>Λq,r (see [7, Theorem 1.4] and the references therein). In this paper we will investigate
the behaviour of (1) as q goes to p. The limit problem has the form{
−∆pu = λ up−1 + ur−1 in Ω,
u = 0 on ∂Ω, (2)
and we will refer to it as linear-convex problem. If we denote the first eigenvalue of the
p-laplacian under Dirichlet boundary conditions by λ1(p), one can show that Problem (2)
admits at least one positive solution for λ < λ1(p) ([3, Section 3.3]), and no positive solu-
tion for λ ≥ λ1(p) ([3, Proposition 3]). Therefore, one can wonder whether the existence
threshold Λq,r tends to λ1(p) as q → p. In this paper, we show that this is indeed the case,
by proving lower and upper bounds for Λq,r that are asymptotically optimal for q → p.
The paper is structured as follows. After stating some preliminary results, in Section 3
we prove an upper bound for the existence threshold; this is done by obtaining a contradic-
tion to an alternative definition of λ1(p). In Section 4 a lower bound for Λq,r is proven by
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showing the existence of solutions to (1) by means of an iteration method. The lower and
the upper bound give the main result of this paper (Proposition 4.3).
2. PRELIMINARY RESULTS
Throughout the paper we will make use of the following classical regularity result.
Proposition 2.1. Let u ∈W 1,p0 (Ω) be a weak solution of{
−∆pu = f (u) in Ω,
u = 0 on ∂Ω, (3)
where f : R→R is a Carathéodory function such that
| f (u)| ≤C(1+ |u|q)
for some constant C > 0 and q ∈
(
1, np
n−p
]
if p < n, and q ∈ (1,+∞) otherwise. Then,
u ∈ L∞(Ω) and therefore u ∈C1,α(Ω) for some α ∈ (0,1).
Proof. The first part of the claim is a consequence of standard regularity estimates, while
the second part follows from [4]. 
2.1. The eigenvalue problem. Let us consider the problem{
−∆pu = λ up−1 in Ω,
u = 0 on ∂Ω. (4)
We say that λ ∈ R \ {0} is an eigenvalue of the p-laplacian if there exists a nontriv-
ial weak solution of (4). The least eigenvalue can be found by minimizing the so-called
Rayleigh quotient:
λ1(p) := inf
u∈W1,p0 (Ω)\{0}
∫
Ω |∇u|p∫
Ω |u|
p .
It is known that the corresponding first eigenfunction is unique (up to a multiplicative
constant), and does not change sign in Ω; therefore it can be considered as strictly positive.
Moreover, λ1(p) is isolated. The first eigenvalue can also be characterized as follows (see
[2]):
λ1(p) = sup{λ ≥ 0 |∃v ∈W 1,p0 (Ω), v > 0 in Ω,−∆pv ≥ λ vp−1}. (5)
2.2. The linear-concave problem. In the following we will state some preliminary results
for the linear-concave problem{
−∆pu = λ up−1 + uq−1 in Ω,
u = 0 on ∂Ω, (6)
where 1 < q < p.
Proposition 2.2. [1, Lemma 4.1] Let u, v ∈ W 1,p0 (Ω)∩C1(Ω) be two strictly positive
functions satisfying
−∆pu ≤ λ up−1 + uq−1,
−∆pv ≥ λ vp−1 + vq−1.
Then, u ≤ v in Ω.
Proposition 2.3. We have the following results:
a) For λ ∈ [0,λ1(p)), there exists a unique positive solution of Problem (6).
b) For λ ∈ [λ1(p),+∞), Problem (6) admits no positive solution.
Proof. The proof of a) can be found for instance in [6, Section 4], and the proof of b) in
[3, Proposition 3]. 
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Proposition 2.4. For λ ∈ [0,λ1(p)), let uq,λ be the positive solution of (6). Then
(λ1(p)−λ )−
1
p−q ≤ ‖uq,λ‖∞ ≤ (‖uq,0‖
q−p
∞
−λ )−
1
p−q .
Proof. We know already that uq,λ ∈ L∞(Ω); let M = ‖uq,λ‖∞ and define v := M−1uq,λ .
The function v satisfies
−∆pv = λ vp−1 +Mq−pvq−1 ≥ (λ +Mq−p)vp−1,
since ‖v‖∞ = 1. Hence, v is a positive supersolution; by the characterization of λ1(p) in
(5) it follows
λ +Mq−p ≤ λ1(p)
and hence
(λ1(p)−λ )−
1
p−q ≤ ‖uq,λ‖∞.
Let us now prove the second part of the claim. It holds
1 = ‖v‖∞ ≤ (λ +Mq−p)
1
p−q ‖uq,0‖∞
and so
‖uq,λ‖∞ ≤ (‖uq,0‖
q−p
∞
−λ )−
1
p−q .

Proposition 2.5. For λ ∈ [0,λ1(p)), let uq,λ be a solution of (6). Then
‖uq,λ‖
q−p
∞
→ λ1(p)−λ
as q → p.
Proof. By [5, Corollary 3.3] we know that
‖uq,0‖
q−p
∞
→ λ1(p)
as q → p. The claim then follows from Proposition 2.4. 
This implies in particular that the quantity
c(q,λ ) := ‖uq,λ‖∞
(λ1(p)−λ )−
1
p−q
(7)
is such that c(q,λ )p−q → 1 as q → p.
2.3. The iteration method. We will detail here for later reference the construction of a
viscosity solution to Problem (1) by iteration. We point out that the notions of continuous
weak solutions and viscosity solutions are equivalent for problems (1) and (2) in the whole
range p > 1. The proof of this fact is a modification of the arguments in [8].
First, we will assume the existence of a subsolution u and a supersolution u of (1) such
that u = u = 0 on ∂Ω and 0 < u ≤ u in Ω.
Let w1(x) be the viscosity solution of{
−∆pw1 = Λuq−1 + ur−1 in Ω,
w1 = 0 on ∂Ω.
Such a solution w1 exists since u is a subsolution and u is a supersolution, as
−∆pu ≥ Λuq−1 + ur−1 ≥ Λuq−1 + ur−1.
By comparison and the Perron method we get that there exists a unique w1 such that
u ≤ w1 ≤ u in Ω.
Then, define w2, solution of{
−∆pw2 = Λwq−11 +w
r−1
1 in Ω,
w2 = 0 on ∂Ω.
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In this case, w1 is a subsolution and u a supersolution, since by monotonicity
−∆pw1 = Λuq−1 + ur−1 ≤ Λwq−11 +w
r−1
1 ,
while
−∆pu ≥ Λuq−1 + ur−1 ≥ Λwq−11 +w
r−1
1 .
We have w1 = u = 0 on ∂Ω, and hence by comparison and the Perron method we get the
existence of w2 such that
u ≤ w1 ≤ w2 ≤ u in Ω.
Iterating this procedure we can construct a sequence {wk}k≥1 of solutions of{
−∆pwk = Λwq−1k−1 +w
r−1
k−1 in Ω,
wk = 0 on ∂Ω.
(8)
such that
u ≤ w1 ≤ w2 ≤ . . .≤ wk−1 ≤ wk ≤ u in Ω.
In particular, for every x ∈ Ω, the sequence {wk(x)}k≥1 is bounded and is non-decreasing,
hence convergent. We denote u(x) the pointwise limit of the wk. Then, there exists a
subsequence k′ → ∞ such that
wk′ → u uniformly in Ω.
Since the sequence wk is monotonically increasing, the whole sequence converges uni-
formly to u. It is then easy to prove that u is a viscosity solution of (1).
3. UPPER BOUND FOR THE EXISTENCE THRESHOLD
In this section we give an explicit value ˆΛp > 0 such that no positive weak solution of
(1) exists for Λ > ˆΛp. Therefore, it is clear that Λq,r ≤ ˆΛp.
Proposition 3.1. Let
ˆΛ(p,q,r) = λ1(p)
r−q
r−p (r− p)
(
(p− q)p−q
(r− q)r−q
) 1
r−p
.
Then Problem (1) does not admit any positive solution for Λ > ˆΛp. As a consequence,
Λq,r ≤ ˆΛ(p,q,r) and therefore
limsup
q→p
Λq,r ≤ λ1(p).
Proof. Suppose by contradiction that Problem (1) has a positive solution uΛ ∈W 1,p0 (Ω) for
some Λ > ˆΛ(p,q,r). Then, we can choose ε > 0 small enough such that
Λ > µ
r−q
r−p (r− p)
(
(p− q)p−q
(r− q)r−q
) 1
r−p
.
for µ = λ1(p)+ ε .
We claim that then
−∆puΛ = Λuq−1Λ + u
r−1
Λ > µu
p−1
Λ in Ω, (9)
in the weak sense, a contradiction to Proposition 5. In order to prove the claim, it is enough
to see that
min
t>0
ΦΛ(t)> µ where ΦΛ(t) = Λ tq−p + tr−p.
It is elementary to check that
d
dt ΦΛ(t) = 0 ⇔ tΛ =
(
Λ
(
p− q
)(
r− p
) ) 1r−q ,
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which is a minimum. As ΦΛ(t)→∞ when t → 0 and t →∞, it is a global minimum. Then,
min
t>0
ΦΛ(t) = ΦΛ(tΛ) =
Λ
r−p
r−q (r− q)
(p− q)
p−q
r−q (r− p)
r−p
r−q
> µ
because of our choice of Λ. The first part of the proposition is therefore proved, while the
second part is an easy consequence of the definition of Λq,r.

4. LOWER BOUND FOR THE EXISTENCE THRESHOLD
The aim is to prove that Problem (1) admits a solution for Λ ≤ Λ˜(p,q,r), where the
value of Λ˜(p,q,r) is given explicitly as a function of p, q, r, λ1(p) and the quantity c(q,λ )
defined in (7). This clearly implies that Λ˜(p,q,r)≤ Λq,r.
Proposition 4.1. Let
Λ˜(p,q,r) = λ1(p)
r−q
r−p (r− p)
(
(p− q)p−q
(r− q)r−q
) 1
r−p
c(q, tqλ1(p))q−p, (10)
where tq = p−qr−q , and c(q,λ ) is the constant defined in (7). Then Problem (1) admits a
positive solution for every Λ ∈ [0, Λ˜(p,q,r)].
Proof. In order to find a solution of Problem (1), we will use the iteration method described
in Section 2.3. Therefore, we need to find a subsolution u and a supersolution u such that
u ≤ u. A subsolution of Problem (1) is given by the positive solution of{
−∆pw = Λwq−1 in Ω
w = 0 on ∂Ω.
Let us now look for a supersolution. Let uΛ be the positive solution of{
−∆pu = λ up−1 +Λuq−1 in Ω
u = 0 on ∂Ω,
where λ ∈ [0,λ1(p)) will be chosen later. By scaling, one notices that uΛ = Λ
1
p−q u1, and
therefore
‖uΛ‖
p−q
∞
=
Λ · c(q,λ )p−q
λ1(p)−λ
by (7). In order for uΛ to be a supersolution, it is necessary and sufficient that
λ up−1Λ +Λu
q−1
Λ ≥ Λu
q−1
Λ + u
r−1
Λ .
This is equivalent to
λ ≥ ur−pΛ (x)
for every x ∈ Ω, which is equivalent to
λ ≥ ‖uΛ‖r−p∞ .
This is in turn equivalent to
λ
p−q
r−p ≥
Λ · c(q,λ )p−q
λ1(p)−λ
which is equivalent to
Λ ≤ λ
p−q
r−p (λ1(p)−λ ) · c(q,λ )q−p.
Set now λ = tqλ1(p) with tq = p−qr−q ∈ [0,1), which implies Λ ≤ ˜Λ (the value tq is chosen
since it is the maximal value for the function f (t) = t p−qr−p (1− t)). Notice that, if we choose
λ = tqλ1(p), we obtain a supersolution every Λ ≤ ˜Λ. Since w ≤ uΛ by Proposition 2.2, it
is possible to apply the iteration method in order to find a solution of (1).

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Proposition 4.2. We have that
Λq,r ≥ λ1(p)
r−q
r−p (r− p)
(
(p− q)p−q
(r− q)r−q
) 1
r−p
· c(q, tqλ1(p))q−p
and therefore
liminf
q→p
Λq,r ≥ λ1(p).
Proof. The first inequality is an easy consequence of Proposition 4.1. Reasoning as in
Proposition 2.4, we have that
(λ1(p)− tqλ1(p))≥ ‖uq,tqλ1(p)‖
q−p
∞
≥ (‖uq,0‖
q−p
∞
− tqλ1(p))
and therefore
c(q, tqλ1(p))q−p → 1
as q → p. This implies the second part of the claim. 
We can finally state the main result of this paper.
Proposition 4.3. Let Λq,r be the existence threshold for Problem (1). Then,
lim
q→p
Λq,r = λ1(p).
Proof. The proof is a consequence of Propositions 3.1 and 4.2 
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